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1. Introduction

In [6] give definition of connected space. In section one;
we defined of s-coc-open set and ws-coc-open set. In
section two we study (s-coc-open, s-coc’-open and super
s-coc-open) function. Insection three we defined new
types of connected spaces and we study the relation
between them.

Definition (1.1) [7]

A subset A of a space (X, t)is called cocompact open set
(coc-open-set) if every x € A there exists open set U € X
and compact subset K such that x€e U—-Kc A, the
complement of coc-open set is called coc-closed set.

Definition (1.2) [10]

A subset A of space X is called semi open set (s-open) if

and only if A € A° and A called s-closed if and only if A°
s-open.

Proposition (1.1)[9]

For any subset A of space X the following statements are
equivalent.

1. Ais s-open set.

2A=N°

3. There exists open set G suchthat G S A € G
Remark (1.1) [10]

Every open set is semi-open. But the convers is not true.

Proposition (1.2) [3]

For any subset A of a space X the following statements
are equivalent

1. Aiss-closed
2A°=A
3.There exists closed set Fin Xsuchthat F° € AcSF

Definition (1.3)

A subset A of a space (X, t) is called semi cocompact open
set (s-coc-open-set) if for every x € A there exists s-open
set U € x and compact subset K such that x € U — K € A,
the complement of s-coc-open set is called s-coc-closed
set.

Remark (1.2)

Every coc-open set is s-coc-open set. But the convers is
not true for the following example:

Example (1.1)

Let X ={1,2,3,4,...},T = {0, X, {2}, {3},{2, 3}} topology
onX, A = {1, 2} s-coc-open set but not coc-open set.

Remark (1.3):

i- Every open set is s-coc-open set.
ii- Every s-open set is s-coc-open set proof:

Proof

i. Let A open set. Then A s-open and Kcompact. Then
forall x € Awe havex € A — K € A.

ii. Clear.

Remark (1.4):

1. The intersection of open set and s-open is s-open [10].

2. The intersection of two s-coc-open is s-coc-open set.

3. The intersection of s-coc-open and coc-open set is s-coc-
open

4. The union of s-coc-open is s-coc-open set

5. The intersection of s-coc-open sets and open set is s-
coc-open

Proof:

2. Let A and B s-coc-open sets. To prove A N B is s-coc-
open set. And let A n B is not s- coc- open set. Then there
exists x € AN B such that  for all V, s-opet set and K
compact x€EV, —KZANB. Then xeV,—KZA
orx € V, — K & B. Then Ais not s-cocorBE is not s-coc-
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open set. This conduction since A, B s-coc-open sets.
Then A N B is s-coc-open set.

3. Let A s-coc-open setand B coc-open set. Since B coc-
open then B s-coc-ope. Then A N B is s-coc-open set by

)

4. {A,:a € A}s-coc-open set.let x €U A,. Thenx € A, for
some o € A.Thenthere exists U, s-openset and K, compact
such thatx e U, — K, € A, SUA, thenx € U, — K, CU
A, . Thenu A, s-coc-open set.

5.Let A s-coc-open set and B open set .Then for all
x € A there exists U s-open set and K compact such that
x € U—-K c A, since U s-open and B open, then AN B s-
open by (1), then x € (U—-K)NB < ANB thenthenx €
(UNB) — K < ANBthen A N B s-coc-open set.

Remark (1.5):

1. The coc-open sets forms topology on X denoted
by T¢[11].

2. The s-coc-open sets forms topology on X denoted
bytsk.

3. Every s-closed is s-coc-closed but the converse is

not true for example.

Example (1.2)

LetX = {1,2,3,4,...},T = {8,X,{2},{3},{2,3}} topology
on X and A = {1, 2}s-coc-open set
thenA® = {3,4,5,6, .... } s-closed but A° not s-closed.

Proposition (1.3)

Let X and Y be topological spaces, and A <€ X, B € Y such
that A s-coc-open set in X and B s-coc-open set in Y
then A X B is s-coc-open subsetin X x Y.

Proof:

Let (x,y) e AX B, then x € A and y € B .Since A is s-
coc-open in X. Then for all x € A there exists U s-open
set and K; compact such that x € U — K; € A. Since B
is s-coc-open in Y. Then for all y € B there exists V s-
open set and K,compact suchthaty € V — K, < B.

Since 1 and V are s-open sets, Then U € U° and V € V°
then UxVcU xVecU*xV°c (UxV).Then
UxVcUxV), thenUxV s-open in X xYand
K; X K, compact in X xY .Then for all (x,y) € AXB
there exists s-open U X V =W and K; X K, = K compat
such that (x,y) € W — K € A x BthereforA X B s-coc-
openinX x Y.

d
w

5-0pen S-COC-0pEn

h

coc-open open

h 4

Definition (1.4)

Let X be space and A < X. The intersection of all s-coc-
closed setsX containing A called the s-coc- closure of A
defined by 4"

—S—coc

A =N {B: B s-coc-closed in X and A € B}
Definition (1.5)[7]

Let X be space and A € X. The intersection of all coc-
closed sets X containing A called the coc- closuer of A

defined byZCOC =N {B:B coc-closed in X and A < B}.

Proposition (1.4)
Let X be a topological space and A < Xthen A7 s the
smallest s-coc-closed set containing A.

Proof
Clear.

Proposition (1.5)
Let X be a topological space andA € X, then x € A

and only if for each s-coc-open in X contained point x we
have U n A # @.

Proof:

Assume that x € 4 and let U s-coc-open in X such
that x € U, and suppose U N A # @then A € U°. SinceU
s-coc-open set in X and x € U then U° s-coc closed set in
Xandx ¢ Uand 4 is smallest s-coc-closed containing
Athen 4”7 C U°. Since UNU° =0 and x € U then

—S—coc
xgUthenx ¢ A
Conversely:

Let U s-coc-closed set in X suchthat x e U and UNn A #
—S—cocC

—S—coc —S—coc
@.To provex € A Letxg A then x € (A )¢,
since 4°  is s-coc-closed in X, (A" )¢ is s-coc-open
. —S—coc —S—coc —S§—CcocC
in Xand A n(A ) =0 .Then An (4 )¢ =
@ , sinced < (ZS_COC)C .This contradiction since every s-
coc-open Uin X, UNnA # Q.

Proposition (1.6)[7]
Let X be a topological space and A < X, then x € A7t

and only if for each coc-open in X contained point x we
have U n A # Q.

Proposition (1.7)
Let X be a topological space and A < B then

. —S—coc .
i- (A )¢ is s-coc-closed set
ii- Aiss-coc-closed ifand only if A =4~

§—coc

—s—coc —s—coc

iii- =

. —S—coc —S—coc

iv- IfA<S BthenA cB
—S—CcocC —_—

V- A cA

. —S—CcocC —Coc
Vi- A cA
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Proof:
i- By definition of s-coc-closed set.
ii- Let A is s-coc-closed in X. Since A ca ™ and

—S—cocC ..
A smallest s-coc-closed  set containing A, then
—S—cocC —S—cCcoc

A CAthenA=A
Conversely:

—s—coc . —s—coc . .
LetA=A . SinceA is s-coc-closed then A is s-
coc-closed.

iii- From (i) and (ii)

iv- LetAC B . SinceBC B then ACA . Since
A7 smallest s-coc-closed set containing A then
—S—coc —S—coc

A c

V- By proposition (1.5).

vi-By proposition (1.5) and proposition (1.6).

Definition (1.6)

Let X be space and A € X. The union of all s-coc-open
sets of X containing in A is called s-coc-Interior of A
denoted by
A7 =U{B:B s —coc —openinX and A € B}

Definition (1.7)[7]

Let X be space and A € X. The union of all coc-open sets
of X containing in A is called coc-Interior of A denoted
by A°°° =U{B:B coc —openin X and A € B}

Proposition (1.8):
Let X be a topological space and A € X, then A*~¢¢ is
the largest s-coc-open set contain A

Proof:
Clear.

Proposition (1.9)

Let X be a topological space and A € X, then x € A°5~¢%¢
if and only if there exists s-coc-open set V containing =
suchthatx e V c A.

Proof:

Let x € A°57°¢ thenx €U U such that U s-coc-open set
andxeVcA.

conversely:

Let there exists V s-coc-open set such that x € V € Athen
x EUV,V € Aand V s-coc-open set then x € A°5¢°¢,

Proposition (1.10)[7]

Let X be a topological space and A € X, then x € A°°°¢ if
and only if there exists coc-open set V containing x such
thatx e V c A.

Proposition (1.11)

Let X be a topological space and A € B < Xthen.
A®S7°¢|s s-coc-open set.

A is s-coc-open if and only if A = A®~¢°¢,
A° C AcsTeoc,

ADS—COC — (AOS—COC )OS—COC .

ifA € B then A°57¢°¢ ¢ B°s—¢oc,

oCOC

A C AOS—COC

o akrwn

Proof:
1. and 2. from definition (1.6)
3. Letx € A°$7¢°¢ then there exists U s-coc- open

set such that x € U <€ A then U s-coc-open set then U s-
coc-open set such that x € U € A thus x € A°57¢¢

4. from (1) and (2).

5. Let x € A°57°¢ then there exists V open set such
that x € V € A by proposition (1.9) since A € B then
x €V € B.Then x € B*57°¢ Thus A*S™¢°¢ € B*S7¢%¢,

6. By proposition (1.9) and proposition (1.10).

Proposition (1.12)
Let X be a space and A € X, then (A°)*57¢¢ = (ZS‘C"C)C

Proof
Let x €(A)™¢ and xé& (A ) .Then x€
A Then for all x € A there exists U S-COC-0pen

setsuch that UNA # &. Since (A°)*7¢°°¢ s-coc-open set
then (A°)*57°°° N A # @.Then (A°)* ¢ C A° thenAn

A° % @.This is contradiction Thus x € (A" )°.Then
(A)s=cc c (A ) Let x €@ )then  x ¢

—S—C

A7 Then there exists U s-coc-open set such that
UNA # @.Then U < A°There for Uss—coc c
(AC)OS—COC Thus x E (AC)OS—CDC then (AC)OS—CDC —

—S—cocC

(G

Definition (1.8):[2]

Let X be a space and B any subset of x, a neighborhood (
nbd) of B is any subset of X which contains an open set
containing BThe neighborhoods of a subset {x} is also
neighborhood of the point x.

Remark (1.6)

The collection of all neighborhoods of the subset B of X
are denoted by N(B). In particular the collection of all
neighborhoods of x is denoted by N (x).

Definition (1.9)

Let X be a space andB< X, an s-coc-neighborhood of B is
any subset of X which contains an s-coc-open set
containing B.The s-coc-neighborhood ( s-coc- nbd) of
subset {x} is also called s-coc-neighborhood of the point
X.

Remark (1.7)

The collection of all neighborhoods of the subset B of X
are denoted by N,_.,. (B) in particular the collection of all
neighborhoods of x is denoted by N,_.,. (x).

Proposition (1.13)

Let (X,t) be a topological space and for each x € X, let
N,_.oc (x) be a collection of all s-coc- neighborhoods of
xthen:

i. IfA€ N,_.(x)suchthat A € Bthen B € N,__,. (x)
ii. If A B € N;_..(x)then AN B € Ny_,. (x) such that

ABcX

iii. IfA, € Ny_coc (x) then UA, € Ny_;p. (%)
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Proof

i- Since A € N;_.,. (x) then there exists U s-coc-open
set such thatx € U € A4, since A € B then x e U € B
hence B € N;_o¢ (X).

ii-LetA, B € Ny_oc (%) and
ANB & N,_..(x).Thenx € ANB and for all U s-
coc-open set such that x€eUZ ANB,x€eU &
Aorx € U € B.ThenA & N,_.,.(x)orB ¢
Ns—cocathis contradiction.

iii-  Sinced, € N,_.,.(x) exists U, s-coc-open set
such thatx € U, € A, € U4, .Thenx e U, <
UA, .ThereforeUA, € N;__,. (%).

Proposition (1.14)

Let (X, 7) be aspace and A < X then A s-coc-open set in X
if and only if A is s-coc- neighborhood for all his points in
A

Proof

Let A s-coc-open and x € A.Since x € A € A then A iss-
coc- neighborhood of x for all x henceA is s-coc-
neighborhood for all his points

conversely:

LetA is s-coc- neighborhood for all his points andx € A
.ThenA is s-coc- neighborhood for xthen there exists U, s-
coc-open set such that x€U,S A .Then A=
U{x:xeA}c{U,:xeU}c A . Then A=
{U,:x € U,}.Then A union of s-coc-open sets .Therefore
A is s-coc-open set

Proposition (1.15)
Let X be a topological space and 7 discret topology in
X then Ng_.(x) ={A:x € A}

Proof

Since t discret topologythen 7 ={A:x € A}.Let AC X
and x € X eitherx € Aorx ¢ A

-ifx ¢ A then Anot s-coc- neighborhood of x henced ¢
Ns—coc(x)

-if x € A Since{x} € X, and {x} open setin X . Then{x} s-
coc-open set x € {x} € A thenA s-coc- neighborhood of
x thend € N,_.,. (x)henceN,_.,. (x) = {A: x € A}

Remark (1.8)
Every neighborhood of x is s-coc- neighborhood of
x . But the converse not true for example

Example (1.3)
Let x = {1,2,3,4}andt = {0,X,{4}}, A = {1, 2}not
neighborhood of x but s-coc- neighborhood of x

Definition (1.10)

Let X be a topological space and x € X,A € X .The point
x is called s-coc-limit point of A if every s-coc-open set
containing xcontains apoint of A distinct from x. we call
the set of all s-coc-limit point of A the s-coc-derived set of
A and denoted by A™~¢¢. Therefore x € A”~°°¢ if and
only if for every s-coc-open setVinX such that x € V such

that (VNA)— {x} # @

Definition (1.11)[7]

Let X be a topological space and x € X,A € X .The point
x is called coc-limit point of A if every coc-open set
containing x contains a point of A distinct from x. we call
the set of all coc-limit point of A the coc-derived set of A
and denoted by A"¢°°.

Therefore x € A™°¢ if and only if for every coc-open set
VinX such that x € V such that (VNA)—{x} # @

Proposition (1.16)
Let X be a topological space and A < B < X then

—S—coc

1) A = AUAs—coc

2) A s-coc-closed set if and only if A57°¢ C A

3) A’s—coc c Bs—coc

4)A's—coc c Acoc

Proof:

1) Since AC A - (*) , let x € AS=¢°¢ | then

for each s-coc-open set U containing x such that
(VNA) —{x}# @ then UNA # @ for all U s-coc-open

set, xeUthenUNA = @ .Thenx € A - henceds—co
—S—cocC

c
A (*from (*)and(**) we have AUAS~¢¢ ©

A‘s—coc
Conversely:

Let x€A  Then either x€Aorx@A, ifxe
Athen x € AUAS™¢ complete if x & A, since xE€
A then for allUs-coc-open set contains x suchthat
UNA # @ sincex ¢ A then (UNA) —{x} # @. Thenx €

Arseoe thenx € AUA"S

Henced € AUA™°¢thenAd . = AUAS—coc,

2) Let A s-coc-closed set to prove A™7° c
A, Athenx € A°, let AthenA“since A s-coc-closed set, then
Afs-coc set and ANAS = @.Sincex & Athen(ANA) —
{x}# @ thenx & A7 thenA’S™¢ C A, letA’s~¢ C
A, to prove A s-coc-closed set.Sinced” . = AUA’scoc

then 4" = Athen A s-coc-closed set

3)Letx € A”°7°°¢ Then for all U s-coc-open set contain
x such that Una) —{x}#0
sinceA S B then (UNB) — {x} # @. Thenx € Bs~¢*¢
hence As—coc c Bs—coc

4)By Definition (1.10) and Definition (1.11)

Definition (1.12)

Let (X, 1) be a topological space and letA be any subset of
X, let x € X is called s-coc-boundary point of A if and
only if each s-coc-open set U, of x we have U,NA = @
and U,NA° # @

The set of all s-coc-boundary point ofA is denoted by
bs—coc (A)

Proposition (1.17)
Let X be a space and A € X then

—S—C0C _ ——s—coc

1) bs—coc (A) = A NA¢
2) AT = A - bs—coc (A)

3) A " = AUby_ e (4)
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Proof:

1) Let x € by_,,. (A) then for all U s-coc-open set
contain xsuch that UNA # @ andUNA® # @ . Then by
proposition (1.5) we have x € A5 qndx €

AT Hence x € A°  NATT° . Then by, (A) €
ZS_COC r.]Fs—coc
Conversely:
—Ss—coc | ——s—coc
Let X€EA NA¢ . Toproof x €

——=S—coc

by we(A). Then x€A " andx € A°°° Then by
proposition (1.6) we have U s-coc-open set containing
xandUNA # @,UNA° #@.Then x € b,_.,.(A) by

definition (1.12). Therefore
becoc (M) S A NAT  Thus Be—cac (4) =
ZS_COC nﬁs—coc

2)Letx € A ““thenx € A (since A*~¢ c A).To
prove x & b,_.,. (A),let x € b,_,. (A), then for all U s-
coc-open set contain xsuch that UNA® # @ andUNA #
@ .Sincex € A*°7°°  .Then there exist V/s-coc-open set
such that x € V € A by proposition (1.10)since ANA¢ =
PthenVNA® = @ contradiction Then  x & b,_., (4).
Hence A®7°¢ € A — by_,,c (A).

Conversely:

Letxe A — by_.,. (A), to prove x € A7, Since
X & by_q,c (A) then V s-coc-open set contain x such that
VNA # @orVNA® # @, since

x € Vandx € AthenANV # @thenVNA® =@ then
VE A then x €V € A.Then byproposition (1.10) we
have x € A°S7¢¢,

3) Let x€A .To prove xE€ AUb_ o (A),
letx € AUb,_.,. (A) then x & Aandx & b,_.,.(A) then
there exists V s-coc-open set such that x € Vand VNA #
® orVNA® + @ ,sincex € A thenx € A°, since x€
Vthenx € V N Athen V' n A° # @hence VNA =
dthenx @ A this  contradiction, then x €
AUDb;_coc (A)

Conversely:

Let x € AUb;_,.(A).Then either x €A thenx €

Zs—cocor X € bs—coc (A); then

x€A NAT thenxe A .Then

AUby_soe (A) S A Thend °° = AUb,_yoe (A)
Remark (1.9)
Let X be a topological space and A € X thenb,_.,. (A)

=bS—COC (AC)

Proof

Since

bs—coc (A) = ZS_COC nFS—COC
bS—COC (AC)

Proposition (1.18)
Let X be a topological space and A < X then:

—S—coc

i, A =ascocyp, ., (A)
ii. A s-coc-open setifand only if b,_.,. (4) € A°
iii. A s-coc-closed setif and only if b,_,,.(4) € A

S§—coc

— W nFS_COC —

Proof
i. Since AsTeoc C AT (A) =
ANAT AT Then AT U, e (A) €
—S—coc
Conversely:

x € AS°“qndx ¢ b,_,,. (A)then there exist U s-coc-open
set contain xand
UNA=0 or UNA° =0. ifUNA=0 then x ¢

A" “ contradiction, if UNA® = @ then U C 4, then
there exist U s-coc-open  such that x € UandU <
A thenx € A™¢°¢

ii. LetA s-coc-open set.Then A° s-coc-closed

——=S—coc

set then A° € A€ . Since
beroe (A) =4 NACTC € ATTTC° Hence
bS—COC (A) g FS_COC
Conversely:
Let bs_qoc (A) € A€ . Since
bssoe (A) =4 NAC T Then
A NATT°NA = 9 . Since
ACA " then e NA = @.Then AT ¢
A° . Since A° €A henceA® = A “° .Then A° s-
coc-closed then A s-coc-open
iii. Let A s-coc-closed set .Then
—Ss—coc —S§—C0C __——s—coc
A=A then by_.,.(A) = A NAc =
AnFS—COC g A
Conversely

—=S—coc

—S—coc
Leths_.,c (A) € A.ThenA NAc¢ NA¢ =
—S—coc —S—cocC
@then A NA =@ then A C Ahenced =
A , Then A s-coc-closed set.

—S—coc

Proposition (1.19)

If X aspace and t discrete topology on X then
bs_coc A = @forallA cX

Proof

Since X discrete then A s-coc-open set, Thenb,_.,. (4) €
A¢ and A s-coc-closed set, Then b,_..(4A) € A by
proposition (1.18)(ii)) . Then  b,_..(A) € ANA® =
@.Thus b,_,. (A) = @ by proposition (1.18)(iii)

Definition (1.13) [6]
A subset A is said to be w-open set if for eachxe A, there
exists open set U such that x € U and A — U countable

Definition (1.14)

A subset A is said to be w s-coc-open set if for eachx € A4,
there exists open s-coc-open set U such that x €
U and A — U countable. The complement of w coc-open
set

isw coc-closed set.

Proposition (1.20)

A subset A of space X is ws-coc-open set if and only if for
each x € A there exists open s-coc-open set U containing
x and countable subset B suchthat U — B € A
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Proof

Let A be w s-coc-open and x € A, there exist s-coc-open
subset U containing x such that U — A countable
letB=U—-B=UNnX—-A)thenU—-BC A
Conversely:

Let x € A and there exists s-coc-open subset U containing
x and countable subset B such that U —-B € A . Then
U — Acountable set. Then A is ws-coc-open set

Theorem (1.1)

Let X be a space and C S X. If C is w s-coc-closed
set.Then € <€ K n B for some s-coc-closed subset K and
countable subset B

Proof
Since C is ws-coc-closed set then X — Cws-coc-open.
Then by proposition (1.20) thenVx € X —C 3 U s-coc-
open and B countable set suchthat U — B € X — C . Then
CcX-(U-B)

=X =xn(UnX-B)) =Xn U UB)

=X-U)UB

LetK =X—-U then CSKNB

Proposition (1.21)
The intersection of two w s-coc-open set is w s-coc-open
set

Proof

Let A and B w s-coc-open sets and x € AN B then x €

Aand x € B. Since A ws-coc thenvVx € A3 U s-coc-

open such that U — Acountable.Since B ws-coc thenvx €

B 3V s-coc-open such that ¥V — Bcountable .To prove

(UNV) — (A — B) countable

(UNV)s-coc-open set by Remark (1.1.4)(2)and x € U N

vV

wunv)—(A-B)=UnMN[X - AUX — B)]
=[UnV)NX —-ADIN[U NnVINX — B)]

cU-4AHUW-B)
SinceU — A and V — Bcountable. Then wu-4aHuw -
B)countable.Then (UNV) — (A — B) countable

Proposition (1.22)
The union of any family of w s-coc-open set is w s-coc-
open set

Proof

Let x € UAcandA,w s-coc-open set .Then x € A.for
somex€e A.Then there exists subset U s-coc-open and B
countable such that U-B € A,. Then U—B C A, C
UA. Then UA, ws-coc-open set

Proposition (1.23)

For space X then
Every wopen is ws-coc-open set
Every s-coc-open is ws-coc-open set

Proof

i. Let Aw-open set.Then for all x € A there exist U open
set such that x € U and U — Acountable. Since every
open is s-coc-open set by Remark (1.3)(i). Then U s-
coc-open set. Thus for all x € A there is U s-coc-open
such that U — Acountable

ii. Let A s-coc-open set .Then for all x € A there exist
V = A s-coc-open set containing x suchthat V — A =
A — A = @ countable. Therefore Aw s-coc-open set.

Definition (1.15)[7]

A subset A is said to be w coc-open set if for each x € 4,
there exists open coc-open set U such that x € U and A —
U countable.The complement of w coc-open set is w coc-
closed set.

Proposition (1.24)

Every w coc-open set is w s-coc-open set.

Proof

Let A isw coc-open set and x € A then there exists U
coc-open set such that x € U and U—A countable. Since
every coc-open set is s-coc-open set by Remark (1.3) (i)
then Uiss-coc-open then A is w s-coc-open set.

Proposition (1.25)

The intersection of w s-coc-open set w coc-open set is w
s-coc-open

Proof

Le tA is w s-coc-open set and B is w coc-open set, then B
w s-coc-open set by Proposition (1.24). Then ANB is w s-
coc-open set by Proposition (1.21).

Proposition (1.26)
Every s-open set is w s-coc-open set

Proof
Let A is s-open set then A is s-coc-open set. Then A is w
S-coc-open set.

wCoc-open —————P  w s-COc-Opemn:

s-Dpen

w OpeEn 4.- 5-COC-0pENn

2. On s-coc-open and super s-coc-open
function

We introduce and study s-coc-open and s-coc-closed
function also some properties about them

Definition (2.1) [2]
Let f: X — Y be a function of space X into space Y then:

i- fis called open function if f(A) is open setinY
for every open set 4 in X.

ii- f is called closed function if f(A) is closed set in
Y for every closed set A in X.

Theorem (2.1) [4]

Let f: X — Y be a function of space X into space Y then
the following statements are equivalent.

i- f open function.

ii- £(A°) € (f(4)) for every subset A of X.

iii- (f71(A))" < f~1(4°)for every subset 4 of X.
iv- f1(A) c f~1(A)for every subset A of X.

Volume 4 Issue 6, June 2015
WWW.ijsr.net

Paper ID: SUB153676

Licensed Under Creative Commons Attribution CC BY

209




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

Definition (2.2) [7]

Let f: X — Y be a function of space X into space Y then:
i- fis called coc-closed function if f(A) is coc-
closed setin Y for every closed set 4 in X.

ii- f is called coc-open function if f(A) is coc-open
setin Y for every open set A in X.

Definition (2.3)
Let f: X — Y be a function of space X into space Y then:

1) f is called s-open function if f(A) is s-open set
inY for every open set A in X [1].
2) f is called s-closed function if f(A) is s-closed

setin Y for every closed set A in X.

Definition (2.4)
Let f: X — Y be a function of space X into space Y then:

1) f is called s-coc-closed function if f(A) is s-coc-
closed set in Y for every closed set 4 in X.
2) f is called s-coc-open function if f(A) is s-coc-

open set in Y for every open set A in X.

Proposition (2.1)

1. Every s-closed function is s-coc-closed function
2. Every s-open function is s-coc-open function.

3. Every coc-open function is s-coc-open.

Proof

1- Let f: X — Y s-closed function, letB closed set in

X.Then f(B) is s-closed set in Y then (f(B)) s-open set

then (f(B))" s-coc-open set.Then f(B) s-coc-closed set in
Y.Therefore f s-coc-closed function.

2-Let f: X — Y s-open function.Let A open set in X then
f(A) is s-open set in Y. Since every s-open set is  s-coc-
open then f(A) is s-coc-open set.Hence f s-coc-open
function.

3- Let f:X — Ycoc-openfunction, let A open set in
X then f(A) iscoc-opensetinY.then f(A)is coc-open
setin Y. Then f is s-coc-open function .The inverse of 1.
and 3.is not hold for examples

Examples (2.1)

1. Let X ={1,2,3},7=

{9,x,{1,2}} topology on X ,Y = {a, b},

T = {(Z), Y, {b}} topologyonY ,f(1) = f(2) =

a , f(3)=b, since {1,2} open set in X andf({1,2}) =
{a} not open inY,since {a}° = @ then {a} ¢ {a}*. But
f ({1, 2}) s-coc-open set Thenf's-coc-open but not s-open.
3. Let X={1,23..}7t={0,X,{2}} and Y =
i, vy y3 . 5T = {(Z), Y, {yl}}, let f:X — Y defined
by f(1) =y1,(2) =y, f({1,2}) = {y1,52)°. Since{2}
open in X and f(2) = f(y,) not coc-open in Y then f
not coc-open function . But 7 is discrete topology on X
and 7*** is discrete topology on Y then f s-coc-open
function.

Proposition (2.2)

A function f:X —Y s-coc-closed if and only if
Fa) " < f(A)foralld c X.

Proof

Suppose f:X — Y s-coc-closed function, let A€ X .
Since A closed set in X then f(A) s-coc-closed in Y. Since

S—coc

Acdten  (A)Cf(A).  Hence  f(A) €
%s OC.SinCe f(/f) c ﬁs coc Then ms—coc c
f(A.

Conversely

Let B closed set in Xthen = B. Then f(B)S_COC c f(B) =
f(B). Since  f(B)Sf(B)  .Then  f(B)=
f(B) .Hence f: X — Y s-coc-closed function.

Proposition (2.3)

A function f: X — Y s-coc-open if and only if f(4°) <
(F(4)"° " forall A c X.

Proof

Suppose f: X — Y s-coc-open function and A < X, since

A° open in X .then f(A4°) s-coc-open in Y  Then

oS—coc s—coc

(f(@7) < (f(4))"° " Therefore F(A) =
(F(A))" ™ < (F() " Then F(A9) €
(F(A)” ™ forall A c X.

Conversely

Let A open in X. Then A=A°, Sincef(4°)c
(F()°7° Then £(A) < (£(4)° “ .Then f(A) =

(f(4))”" ™ Therefore f: X — Y s-coc-open function.

Definition (2.5)

Let f: X — Y be a function of a space X in to a space
Y. fis called s-coc-continuous function if f~1(A) is open
setin X for every opensetin?Y.

Theorem (2.2)
For bijective functionf: (X,t) — (Y,t) the following
statements are equivalent.

1) f~tis s-coc-continuous.
2) fis s-coc-open.

3) fis s-coc-closed.
Proof

1—2

Let A open set in X and f~1:Y — X s-coc-continuous,
then (f~1)~1(A) s-coc-open in X, since f bijective then
f(A) = (F1H71(4) .Then f: X — Y s-coc-open.

2—3

Let f: X — Y s-coc-open function and B closed set in X .
Then B€ open set in, hence f(B¢) s-coc-open in Y .Since
£(B) = (f(B)) . Then (f(B)) s-coc-open.Then f(B) s-
coc-closed.Therefore f s-coc-closed function.

3—1

Let f s-coc-closed function.To prove f~1:¥ — X s-coc-
continuous.Let F closed set in X.Since f s-coc-
closed.thenf(F) s-coc-closed.Since f bijective then
f(F) = (f~H7Y(F). Then f~1:Y — X s-coc-continuous

Not that: -
The composition of two s-coc-open functions is not s-coc-
open function for example:
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Example (2.2)

Let fiR— Z, function defined by
0 ifx=0

f(x)=42.," ifxeRtand g:Z, —> Z, defined
Z,” ifx€R
(27 ifx=0

by 9(x) = {z; ifx#0 "

{(2), R, {0}} topology on R and t =

{(2), Z,,{—4, —2}} topology on Z,, ,

© ={0,2.,,2,”} topology on Z,. Then f s-coc-open
function and g s-coc-open function.But (g o f)({0}) =
g(f(0)) = 2,* .Since 1 € 2,* and the s-open set contain
1is Z,and Kany compact set . But 1€2,*—K ¢&
Z,%.Then Z,* not s-coc-open set.Then (g o £)({0}) is not
s-coc-open set. Then (g o f) is not s-coc-open function.

Proposition (2.4)
If f:X —Y open function and g:Y — W s-coc-open
function then g o f s-coc-open function.

Proof

Let A open set in X . Since f open function. Then f(A4)
open setin Y .Since g open function. Then

g(f(A))open set in W .Then gof:X — W s-coc-open
function.

Definition (2.6)

Let f: X — Y be a function of space X into space Ythen:

i- f is called s-coé-closed function if f(A) is s-coc-
closed set in Y for all s-coc-closed A4 in X.

ii- f is called s-coé¢-open function if f(A) is s-coc-
open set in Y for all s-coc-open 4 in X.

Definition (2.7)[7]
Let f: X — Y be a function of space X into space Ythen:

1. fis called coé-closed function if f(A) is coc-
closed set in Y for all coc-closed A in X.
2. f is called coc¢-open function if f(A) is coc-open

setin Y for all coc-open A in X.

Proposition (2.5)

A function f:X —Y s-coé-open if and only if
fas=) c (f(A))” " forall A C X.

Proof

Let f:X — Y s-coé-open function, let A < X.Since
A°$7¢%¢ s-coc-open in X .Then f(A°57¢) s-coc-openin Y.
Thenf (4™7¢%¢) = (£ (A7) Sinced*s~¢ <
Athen

f(A™7¢%) € f(A)Thenf (4°~) =
(F(A=0)) "7 < (£(A))™ " Thenf (A=) <
(F) ™ vacx.

Conversely

Let A s-coc-open in X .Then A = A*"° . Since

F(As0c) € (f(A))os—c"C Then f(A) c (f(A))os—coc
.Then f:X — Y s-coé-open

Thus f(4) = (F(A)"

function.

Proposition (2.6)
If f: X — Y s-coc-open then f is s-coc-open
Proof

Let A open set in X. Then A s-coc-open. Since f is s-coc¢-
open then then f(A) is s-coc-open set in Y then f is s-coc-
openfunction

Not that
If f s-coé¢-open function then it need not to be coé-open
for example

Example (2.3)

Letf: X — Y, X={1, 2, 3, .}Jand 7 ={0,X,{1}}, Y=
1uyys Jandt ={0,Y,{y,y3}}, f(D=y when
i=1,23,..,sincef(1)= y;not coc’-open set in Y then
fis not coc’-open function. But fis s-coc’-open function

Proposition (2.7)
If f:X—>Yand g:Y — Z s-co¢-open functions then
g ° f s-coc¢-open function.

Proof
Clear

Proposition (2.8)
A function f:X —Yis s-coé-closed if and only if

@A) " cF@ ) forallAcX.

Proof
Suppose f:X — Yis s-coc¢-closed function and A € X

. —s—coc . —S—coc
.Since A s-coc-closed set in X.Then f(A ) s-coc-
closedsetiny ........ (%)

A —s—coc —S—coc

Since ACA then f(A) € f(A ).Hence
—s—coc T —s—coc ¢ —s—coc
A @™y Since fa) =
——s—coc > ¢ —s—coc —s—coc

f@a ) by (). Then f(4) sf@Aa )
Conversely:

Ci

Let F s-coc-closed set in X then F =fs_ OC.Then
—S—coc

F ™ c f(FH‘”) = f(F).Since f(F)<F  .Then

F(F)=F °.Then fis s-coé-closed function.

Definition (2.8)

Let f: X — Y be a function of a space X in to a space Y
then f is called s-coc-irresolute (s-coc-continuous)
function if f~1(A) s-coc-open set in X for every s-coc-
open set inY.

Theorem (2.3)
For a bijective mapping f:(X,7) — (Y,%) then the
following statements are equivalent

1) ftis s-coé-continuous

2) f is s-coc¢-open function
3) f is s-co¢-closed function
Proof

1—2

Let A s-coc-open set in X andfl:Y — X s-coé-
continuous then (f~1)71(A) is s-coé-open in Y .since
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fbijective, then £(4) = (f~)71(4) .Then f(A) s-coé-
openinY .Thus f: X — Y iss-coé-openinY

2—>3

Let f:X — Y iss-co¢-open and F s-coc-closed set in X
.Then F¢s-coc-open set in X Since f is s-coé-open
function .Then f(F¢) s-coc-open in Y , Since f(F¢) =
(f(F))".Then (f(F))° s-coc-open .Then f(F) s-coc-
closed .Thus f is s-coé-closed function.

3—1

Let f: X — Y is s-coc¢-closed function and B s-coc-closed
set in XThen f(B) s-coc-closed set in Y, since f bijective,
then f(B) = (f"H)"%(B) Then fl:¥ —>X s-coé-
continuous.

Definition (2.9)
Let X andY are spaces. Then a function f:X — Y is
called s-coc-homeomorphism if

1. f bijective
2. f s-coc-continuous
3. f s-coc-closed (s-coc-open)

It is clear that every homeomorphism is s-coc-
homeomorphism

Definition (2.10)

Let X and Y are spaces. Then a function f:X — Y is
called s-co¢-homeomorphism if :

1. f bijective
2. f s-coé¢-continuous
3. f s-coc¢-closed (s-coc-open)

It is clear that every homeomorphism is s-coc-
homeomorphism

Proposition (2.11)

Let f:(X,7) — (Y,7) Dbijective function then the
following statements are equivalent

i- f is s-co¢-homeomorphism

ii- f s-coé-continuous and closed

Proof

i — iiby definition of s-co¢-homeomorphism

i — ii clear.

Proposition (2.12)

Let f:X — Y is s-coé-homeomorphism then f(B°) <
(FB)”" " vBcx

Proof

Since f is s-coc-homeomorphism then f is s-coc-

homeomorphism. Then f is s-coc-open function .Then

F(B) < (£(B))” ™ by proposition (2.3).
Theorem (2.4)

If f:(X,7) — (Y,f) s-coc-open function then for all
x € X and all nbd U of x there exists V s-coc-open set in
Y containing f(x) such that V € f(U)

Proof

Let U be nbd of x in X then there exists an open set B
such that x e B < U hence f(x) € f(B) € f(U) , Since
f(B) s-coc-open setinY .Let V = f(B) thenV < f(U)

Theorem (2.5)

If f:(X,7) — (Y,%) s-coé-open function then for all
x € X and all s-coc-nbd A of x there exists B s-coc-open
set in Y containing f(x) such that B < f(4).

Proof

Let x € X and A s-coc-nbd of x.Then there exists F s-
coc-open set such that x e F € A . Then f(x) € f(F)
f(A) , Since f s-coc¢-open then f(F) s-coc-open setinY ,
Let B = f(F)then f(x) €SB < f(4)

Definition (2.11)

A function f: (X,t) — (Y, 7) is called

i- super s-coc-open if f(U) is open in Y for each U
s-coc-open in X.

ii- super s-coc-closed if f(U) is closed in Y for each
U s-coc-closed in X.

Proposition (2.13)
Every super s-coc-open function is s-coc-open

Proof

Let f: (X,t) — (Y, ) super s-coc-open andA open set in
X.Then A s-coc-open. Since f super s-coc-open then f(A)
s-coc-open in Y then s-coc-open function.But the
converse is not true for the following example

Example (2.4)

Let X={1,2,3},r={0,X}and Y ={a, b}, T =

{0,v,{a}},let f:(X,7) > (Y,#) defined by f(X)=
a if x €{1,2}

{ b if x € {3}

f({3}) = {b} not open in Y. Thenf is not super s-coc-open

function But f s-coc-open

, since{3} s-coc-open in X and

Proposition (2.14)
1. Every super s-coc-open function is s-co¢-open
2. Every super s-coc-open function is s-open

Proof

1. Clear

2. Let A open in X. then A s-coc-open. Since f super s-coc-
open then f (A) is open. Then f (A) s-open

But the converse is not true for the following examples

Example (2.5)
1. Let X={1,23Lt={0,X}and Y ={a,b}, T =
[ €e{l1,2
r@) . ro={; 5G]
open but not super s-coc-open.
2. Let X={1,23}Lt={0,X}and Y ={a, b}, T =
_(a ifxefl,2}
enrw={} e

super s-Coc-open.

. Then f s-coc¢-

. Then f s-open but not

Proposition (2.15)
If f bijective then f is super s-coc-open iff super s-coc-
closed
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Proof

Let f super s-coc-open function that f: X — Y and let A s-
coc-closed set in X then A€ s-coc-open. Then f(A¢) open
in Y, Sincef bijective then f(A%) = (f(4))° then
(f(4)) open in Y.Then f super s-coc-closed function
Conversely: - by the same way

Proposition (2.16)
If f:(X,7) — (Y,7) super s-coc-open function and
bijective then:

1. f(as=¢) = (f(A))" for all A s-coc-open set
in X.

2. f (Es_wc) = f(B) for all B s-coc-open
setin.

Proof

1. Let A s-coc-open set in X.Then A = A*7¢°°. Then
f(4) = f(A°7¢¢). Since f super s-coc-open, f(A) open
set in Y. Then f(4) = (f(4))". Then f(A*~)=

(r@)’

2. Let B s-coc-closed set in X then B=B .. Then
f(B) = f(ES_m).Since f super s-coc-open.Then f super
s-coc-closedfunction by proposition (2.13). Then f(B)

closed set in, then f(B) = m Then f(Es—wC) _
fB).

Proposition (2.17)

If f:(X,7) — (Y,7) super s-coc-open function and B, C
have disjoint s-coc-nbds of X .Then f (B),f (C) are
disjoint in Y and have disjoint nbds in Y.

Proof

Let F,K are two disjoint s-coc-nbds of B,C then there
exists two s-coc-open sets U,Vsuch that BCS U <
Fand C €V € K, Sincef super s-coc-open then
f(U),f(V) are open sets in Y , f(B)cf(U)c<
f(F)and f(C) < f(V) € f(K). Then f(F),f(K) are
disjoint nbds of f(B),f(C).Since FNK =@ then
f(FNK) =0 then f(F)Nf(K) = @then f(B)Nf(C) <
faHNfW) c f(F)Nf(K) =@ .Therefore f(B), f(C)

are disjointin Y.

Theorem (2.6)

If f:(X,t) — (Y,%t) super s-coc-open function then for
each x € X and each s-coc-nbd U of xthere exists
nbd V of f(x)suchthatV c f(U).

Proof

Let x € X and U nbd of xthen there exists s-coc-open set A
such that x € A € Uthen f(x) € f(A) € f(U) , Since
f super s-coc-open and A is s-coc-open set in Xthen f(A4)
opensetinY ,letV = f(A) thus f(x) eV < f(U)

Proposition (2.18)

1. If f super s-coc-open function then f coc-open
2. If f super s-coc-open function then f coc’-
open

Proof

1. Let f:X — Y super s-coc-open function and A open
set in X then f(A) open setinY then f(A) coc-open set
inY then f coc-open function

2. Let f:X — Y super s-coc-open function and A coc-
open set in X then f(A) open set in Y then f(A) coc-open
setin Y then f coc’-open function

Not that
The convers is not hold for examples

Example (2.6)
1. Let X=Z2,7={0,Z,Z,} and Y={a, b}, 1" =

{0,Y,{b}} and f:Z—>Y defined by f(X)=
a ifxeZ, . .
{b ifxez, It is clear that f coc-open function but

not super s-coc-open.

2. Let X={1, 2, 3})r={0,X,{a}} and Y={ab,},
" ={Q,Y} and f:Z — Y defined by f(1) =a, f(2) =
f(3) =b. It is clear that f coc’-open function but not
super s-coc-open

Proposition (2.19)
If £ super s-coc-open function and bijective then £~ is s-
coc-continuous

Proof Clear

Proposition (2.20)
The composition of two super s-coc-open function is super
s-coc-open

Proof

Let f:X — Y and g:Y — Wsuper s-coc-open and A s-
coc-open setin X. Then f(A) is open in Y(since f super s-
coc-open), Since every open is s-coc-open. Then g(f(4))
is open in W.Since(g ° £)(4) = g(f(A))hen g(f(A))
open in W then g o f is super s-coc-open function.

Not that

iff super s-coc-open and g o fis super s-coc-open then g
not need super s-coc-open function.

Example (2.7)

Let

f:(X,7) = ¥, 7)) and g:(Y,?) = (W,t9)and X =
Y=W={1,23}7={0X,{1}}

Topology on X ,
t={0,Y,{1},{2},{1,2}} Topology on Y, v* =

{(Z), w, {3}}Topology on W such that f(1) =1,f(2) =
f(3) =2 and g(1) = g(2) =3,9(3) =1 then t%kon X
is discrete Topology then fsuper s-coc-open and g o f is
super s-coc-open function. But {3} s-coc-open in Y
and g({3}) = {1}, {1} not open in .Then g is not super s-
coc-open

Not that
If £ super s-coc-open and g s-coc¢-open. theng o f is not
super s-coc-open for the following example
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Example (2.8)

Let f: (X,7) — (Y,7) and g:(Y,T) — (W, 1), let
X={a;,a,,a3}, 7 indiscret topology on X,Y =
{1,2,3},7 discret Topology onY and W =

{b,c},t* indiscret topology on W and f defined by

1 ifx=aq
fx)={2 ifx=a, and g defined byg(x)=
3 ifx= a3
b if xe{1} . )
{ ¢ if x €1{2,3) then f super s-coc-open and g is s-co¢-

open function. But {a;} s-coc-open set in X and (g e

Aal}=g/lal}=g{1}={4} is not open in}¥. Then go/ is
not super s-coc-open

Proposition (2.21)

Letf:X —-Yand g:Y - W

1. If f super s-coc-open and g s-coc-open then go f s-
coc-open.

2. If f s-coc”-continuous, bijective and g o f super s-coc-
open then g super s-coc-open.

Proof

1. LetA s-coc-open set in X. since f super s-coc-open
.Then f(A) open inY, Since g s-coc-open then g(f(4)) s-
coc-open. Since (g o f)(A) = g(f(A))then g o f s-coé-
open.

2.Let A s-coc-open set in Y .Then f~1(4) s-coc-open in X
(Since f s-coc’-continuous), Since g o f super s-coc-
open.Then (go f)(f~1(A)) open in W Since f
bijective.Then (g » )(f~1(4)) = g(A).Then g(A) super
s-coc-open.

s-Coc -open » s-Coc-open

WA

coc’-open 44— Supers-cocopen — coc-open

7N,

Open s-Open
3. On s-coc-connected spaces

We recall the concept of s-coc-connected space and give
some important generalization on this concept and we
prove some results on this concept.

Definition (3.1) [5]

A space X is said to be connected space if X can be
expressed as the union of two disjoint-open and non-empty
subsets of X other wise, X is connected space.

Definition (3.2) [7]
Let X be a space two subsets A, B of space X are called

—S—coc

coc-separated if and only if A °nB=4nB = Q.
Not that the family of all s-coc-open subsets of space
(X, 1) is denoted by ¥ [10].

Definition (3.3) [7]

Let X be a space and @ = A € X.then A is called coc-
connected set if and only if is not union of any two coc-
separated sets.

Not that (X, 1) is coc-connected if and only if (X, 7¥) is
connected.

Remark (3.1) [7]
A set A is called coc-clopen if and only if it is coc-open
and coc-closed.

Proposition (3.1) [7]
Let X be space then the following statements are
equivalent.

1. Xis coc-connected space.

2. The only coc-clopen set in Xare @ and X.

3. There exist no two disjoint coc-open sets A and B such
thatX= AUB.

Definition (3.4)
Let X be space.Two subsets U and V of space X called s-

—S—coc

coc-separated if and only if U NV = UNV = 0.

Definition (3.5)

Let X be a space and @ # A € X.Then A is called s-coc-
connected set if and only if is not union of any two s-coc-
separated sets.

Not that a space (X,t) is s-coc-connected if and only if
(X, 7%)connected.

Remark (3.2)
A set A is called s-coc-clopen if and only if it is s-coc-
open and s-coc-closed.

Proposition (3.2)
Let X be space then the following statements are
equivalent.
i. X iss-coc-connected space.
ii. The only s-coc-clopen setin X are @ and X.
iili. There exist no two disjoint s-coc-open sets A and B
such that = AUB.

Proof

() — (i)

Let X be s-coc-connected space.Suppose that D is s-coc-
clopen set such that D #@and D # X ,let E=X—-D
since D # X thenE= @. Since D is s-coc-open set. Then E

is s-coc-closed But D' NE = DNE = @ (since D is s-
coc-clopen set and E is s-coc-closed).Hence D NE =

—S—coc

DNE = @ then D and E two s-coc-separated sets and
X =D U E.Hence X is not s-coc-connected space, which
is contradiction. Then the only s-coc-clopen sets in X are
® and X.

(i) — (iii)

Suppose the only s-coc-clopen set in the space are
@ and X, Let there exists two disjoint s-coc-open set
A and B such that X = AUB. Since A = B¢ then 4 is s-
coc-clopen setBut A=+@ and A=+#X, which is
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contradiction. Hence there exist no two disjoint s-coc-open
sets A and B such that X = AUB.

(iii) — (i)

Suppose that X is no s-coc-connected space.Then there
exist two s-coc-separated sets A,B such that X = AUB

. —S—coc —S—coc
.Since A NB = ANB =@ and ANBC
—S—Co

A NB.Thus ANB = @ since 4~ < B = A.Then A
is s-coc-closed set .

By the same way we can see that B is s-coc-closed set
since A° = B.Then A and B are two disjoint s-coc-open
sets such that X = AUB.This is contradiction. Hence X is
s-coc-connected space.

Proposition (3.3)
Every s-coc-connected space is connected space.

Proof clrar
But the convers is not true.

Example (3.1)

Let X = {1,2,3},7 = {0, X,{1},{2},{1, 2}} .It is clear that
X is connected space.But X is not s-coc-connected space
(Since {2},{1,3} are disjoint s-coc-open sets and X =

{23u{1,3})

Proposition (3.4)
Let A be s-coc-connected set and D,E s-coc-separated
sets.If A € DUE then either A € Dor C E.

Proof

Suppose A be s-coc-connected set and D,E are s-coc-
separated sets and A DUE, let ALDandAZE.
Suppose A; =DNA # @ and A, = ENA # @.Since
A S DUE then (DUE)NA=AThus(DNA)U
NA=A then AIU A2=A.Since A1=DNA then A1€D

—S—coc —S—coc .
then A, cD .Since D,E are s-coc-separated
sets then D NE =@.Then 4,  NA,=®. Since

—S—coc —S—coc
A, =ENA then A, € E thus A4, CE .Then
—S—CcocC

AiNA, = @and A = A{UA,.Then A is a union of two
s-coc-separated sets A;,A,. Therefore A is not s-coc-
connected sets.This contradiction then either A < Dor
CE.

Proposition (3.5)
Let X be a space such that any two elements x and y of X
are contained in some s-coc-connected set of X. Then X is
s-coc-connected.

Proof

Suppose X is not s-coc-connected.Then the union of two s-
coc-separated sets A, B .Since A, B not empty sets then
there exists a, b such that a € A,b € B, let F be s-coc-
connected set of X which contains a,b . Therefore
F € A or F € B.Which is contradiction (Since ANB = 0)
.Therefore X is s-coc-connected space

Proposition (3.6)
If D is s-coc-connected setand D CE € D m, then E is
s-coc-connected.

Proof
Suppose E not s-coc-connected, then there exists two sets

ABsuch that 4 ~NB=ANB  =@andE =
AUB. Since D € E = AUBthen either D € A or D € Bby
proposition (3.2) .If D < Athen D . <A, Thus
D “NB=0,since BCE=AUBC D ‘then
D NB = B. Therefore B = @ this contradiction hence
E is s-coc-connected. By the same way we can get a
contradiction if D € B hence D is s-coc-connected

Proposition (3.7)

If space X contains a s-coc-connected set E such that
E T =X, then X is s-coc-connected.

Proof

Suppose E is s-coc-connected set in X such that E =

X .Since ECX=E  .Then byproposition (3. 5).we
get X is s-coc-connected.

Proposition (3.8)
If A is s-coc-connected set then A° . is s-coc-connected.

Proof

Suppose A is s-coc-connected and A s not s-coc-
connected .Then there exists two sets D,E Such that

A =DUE.Since Ac A ", then A < DUE, since
A is s-coc-connected then by proposition (3.4) either
ACDorACEIN AcCD then 4 €D but

—S—coc S—cocC

NE=@ henced ~NE=d,since A =
DUE then E = @ this contradiction.If A € E then
—S—CocC

—S—coc —S—cocC —S—cCocC
A CFE but DN E = @hence A ND =
@.Since 4 ° = DUE then D = @ this contradiction.

Remark (3.3)
Let X be a topological space and A € X
1)  If Aiss-coc-connected set in X then Aneed not to
be s-coc-connected.

2) If A is connected set then 4" - need not to be
connected set.

3) A
connected.

connected set then A need not to be

Examples (3.2)

1) Let X ={1,2,3},t = {0, X}. Then 5% =
{0,x,{13,{2},{3},{1,2},{1,3},{2,3}}1f A = {1} then A4 is
s-coc-connected. But A = X = {1}U{2, 3}, since {1}, {2, 3}
are two s-coc-separated sets then A is not s-coc-connected.
2)LletX =R and 7=1{0Q,R,Z,Z,,Z.},ifA = {1,2}is not
union of two separated open sets.Then A is connected .

—S—coc

But A =7Z=7,UZ,and Z,,Z, are separated open
sets.
3) Let X=1Z ,
T =

{9,R,Z,2,,{1},{3},{1,3}, Z,U{1}, Z,U{3}, Z,U{1,3}} .
If A={1,3}={1}U{3} then A is union of two disjoint
open sets.Thus Adisconnected. But A =Z, is not
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—S—coc

union of two disjoint s-coc-open sets.Then A
connected set.

Proposition (3.9)
Every s-coc-connected space is coc-connected.

Proof

Let X is s-coc-connected set and not coc-connected then
there exists two sets U,V such that X = UUV . Since U,V
coc-open sets then U,V are s-coc-open sets.Then X is
union of two s-coc-separated sets.Thus X is s-coc-
disconnected.This conduction. Therefore X is coc-
connected.But the converse is not true for the following
example.

Example (3.3)
Let X ={1,2,3,..},7={0,X,{1,2}} . It s clear that X
is coc —connected but not s-coc-connected

Proposition (3.10)
The s-coc-continuous, onto image of s-coc-connected
space is connected .

Proof

Let f: (X,7) — (Y, %) be s-coc-continuous, onto function
and X is s-coc-connected.To prove Y is connected. Let
Y not connected then Y =AUB suchthat A+ @ B +#
@pand AnB = @ and A,B are open sets, hence f~1(Y) =
f"'(AuB) since f onto.Then X =f"1(4) U
f~Y(B).Since A,B are open sets in X and f s-coc-
continuous.Then f~1(A), f~1(B) are s-coc-open sets in
Y.Since ANB =0 thus f1(A)Nf1Y(B)=0and A #
@,B = @.Hence X s-coc-disconnected space this is
contradiction. Hence Y is connected space.

Remark (3.4)
The s-coc-continuous image of s-coc-connected space
need not to be s-coc-connected

Example (3.4)

Let X=1{1,2,3,..},t={0,X} andf:(X,t) — (Y,%)s-
coc-continuous  function and Y ={a,b}, T ={0,Y}
e =1} ?}’;;11 Since {a,b} = {a} U {b} and {a} n
{b} = @.Since {a},{b} are s-coc-open sets.Then Y is not
s-coc-connected , Y open set in Y and f~1(Y) = X not
union of two disjoint s-coc-open sets. Thus X s-coc-
connected.

Proposition (3.11)
The s-coc¢-continuous image, onto of s-coc-connected
space is s-coc-connected.

Proof

Let f: (X,7) — (Y, 1) s-coé-continuous, onto function and
X s-coc-connected. To prove Y iss-coc-connected.
Suppose Y is not s-coc-connected.Then Y = AU B such
that A,B s-coc-open sets and, B#®,ANB=0.
Hencef ~1(Y) = f~1(AUB). Since f onto then X =
f~1(A) Uf~1(B).Since A, B s-coc-open sets and f s-Co¢-
continuous thus £~1(4), f~1(B) s-coc-open sets in X and

f1(ANF~Y(B) = @.Then X is not s-coc-connected. This
contradiction.then Y is s-coc-connected.

Proposition (3.12)
If f: X — Y s-coc’-open and Y s-coc-connected, then X s-
coc-connected.

Proof

Let Y s-coc-connected and X is not s-coc-connected. To
get contradiction, since is not s-coc-connected then
X = W UW, such that W;, W, disjoint s-coc-open sets in
X. Since f iss-coc’-open then f(W,), f(W,)disjoints-
coc-open sets in Y and f(X)=fWUW,)=
fW) Uf(W,) then Y = f(W;) Uf(W,).Then Y is not s-
coc-connected.This contradiction. Then X is s-coc-
connected.

Remark (3.5)
If f:X — Y s-coc’-homeomorphism then X is s-coc-
connected if and only if Y is s-coc-connected

Proposition (3.13)

Let X be space and Y = {0, 1} have the discrete topology
X is s-coc-connected if and only if there is no s-coc-
continuous function from X to Y.

Proof

Let f:(X,7) — (Y,1) s-coc-continuous  onto
function.Then there is exists x,y € X such that x # y and
f(x) =0and f(y) =1 then f1(0)=x=4 and
f~1(1) = y = B.Then A, B s-coc-open sets and X = AU
B suchthat AnNB =0,A+®, B+ @.Then X is s-coc-
disconnected

Conversely:

Let there is no s-coc-continuous onto function, let X is s-
coc-disconnected.Then X = AU B such that A # @, B #
@ and A,B aredisjoint s-coc-open sets. Define

g:X,©) — (Y,¥) such that g) = {(1) :i E g,

thenf~1(0) = A, f~1(1) = B.Then f s-coc-continuous,
this contradiction. Thus X is s-coc-connected.

Proposition (3.14)

If f is s-coc-continuous onto and g is continuous function
and onto then go fimage of s-coc-connected set is
connected

Proof

Let f:(X,7) — (V,) and g: (Y, ) — (W,7%), let A s-
coc-connected set inX, (g o £)(A) = g(f(A)).Since f is s-
coc-continuous then f(A)connected in Y by proposition
(3.9). Since g is continuous then g(f(A)) connected set in
W.Then (g o f)(A) connected set.

Proposition (3.15)

If f is s-co¢-continuous onto and g is s-coc-continuous
onto function then g o f image of s-coc-connected set is
connected

Proof
Let A  s-coc-connected set inX,(ge° f)(A) =
g(f(A)).Since f is s-co¢-continuous then f(4) is s-coc-
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connected.Then (g o f)(A) connected set by proposition
(3.10) and proposition (3.2).

Proposition (3.16)
If f: X — Y super s-coc-open function and Y connected.
Then X s-coc-connected.

Proof

Let X is not s-coc-connected. To get contradiction.Since X
is not s-coc-connected then there exists A and B disjoint s-
coc-open sets such that X= AUB. Since f super s-coc-
open then f(A), f (B) are open sets in Y. Since ANB =
@then  f(A)Nf(B) = f(ANB) = @.Then f(A4),f (B)
disjoint f(A)Uf(B) = f(AUB) =f(X) =Y Then Y is
not connected space.This contradiction then X is s-coc-
connected space.

Definition (3.8) [5]

A space (X,7) is said to be locally connected if for each
point x € X and each open set U such that x € U there is a
connected open set V suchthat x e V < U.

Definition (3.9)

A space (X, t) is said to be s-coc-locally connected if for
each point x € X and each s-coc-open set U such that
x € Uthere is s-coc-connected open set V' such that
xeVcl.

Proposition (3.17)
Every s-coc-locally connected space is locally connected
space.

Proof

Let X is s-coc-locally connected, let x € X and U open set
in X such that x € U.Then there is s-coc-connected set VV
such that x € V € U. Since every s-coc-connected is
connected by proposition (3.2). Then V is connected open
set in X such that € V < U, hence X is locally connected
space. But the converse is not true for the following
example.

Example (3.5)

Let X ={1,2,3,..},7 = {0, X,{2,3}}Then =5~ is discrete
Topology in X. Since 1 € X and {1,2} s-coc-open set
{1} € {1, 2}, since there is no s-coc-connected open set V
such that1 eV < {1,2} .Thus X is not s-coc-locally
connected.

Not that:

iff: (X,7) — (Y,7") super s-coc-open function and Y s-
coc-locally connected but X is not s-coc-locally connected
for example.

Example (3.6)

Let X={ab,cd}t={0X} ,
Y = {0, 1}, t* discrete topology . Definef (x) =

0 if x €{a,b}
{1 if x€{cd}

Sincet**in X is discrete and f(A4) open in Y forall A s-coc-
open inX. Then f super s-coc-open and Y s-coc-locally
connected but a € X and {a, b} s-coc-open set such that
a € {a, b} and there exists no s-coc-connected open set VV

in X such thata € V € {a, b}. Then X is not s-coc-locally
connected.

Definition (3.10) [7]

A space (X, 1) is said to be coc-locally connected if for
each point x € X and each coc-open set U such that x €
U there is coc-connected open set VV such that x € V € U.

Proposition (3.18)
Every s-coc-locally connected space is coc-locally
connected space.

Proof

Let X be s-coc-locally connected space andx € X, U open
setin X such that x € U.Since every coc-open set is s-coc-
open set. Then U s-coc-open set. Since X s-coc-connected
then there is V s-coc-connected open set such that x € V <
U Thus V is coc-connectedopen by proposition (3.8).Then
there is V' coc-connected open set such that xe V € U.
Then X is coc-locally connected space.

But the converse is not true for the following example

Example (3.7)

Let X ={1,2,3,4,..},r ={0,X,{1}} . Sincel € X,{1}
coc-open set and 1€ U = {1}SinceV = {1} coc-
connected open set and 1 € V < U. Sincex = 2,3,4, ... €
X,X coc-open set suchthatx € X =U , since V=X
coc-connected open set and x € X € XThusX coc-locally
connected.But X is not s-coc-locally connected. Since s-
coc-open sets are discrete Topology. Since 5 € X and
U={4, 5} s-coc-open set, 5 € U and there is no s-coc-
connected open set V suchthat 5 e V € {4,5} = U.

Remark (3.6)

1) If (X, 1) is s-coc-locally connected space, then it
need not to be s-coc-connected.

2) If (X,t) is s-coc-connected space, then it need

not to be s-coc-locally connected.

Examples (3.8)

1) Let X ={1,2,3,4,..} and 7 discete Topology.
Then s-coc-connected discrete topology Thus for all x €
X and for all U s-coc-open set, x € U there is V s-coc-
connected open set such that x € V < U.Then X s-coc-
locally connected. But X = {1}U{1}c and {1}N{1}* =0
such that {1}, {1} # @ and {1}, {1}¢ are s-coc-open sets.
Thus X not s-coc-connected.

2) Let

X={1,234,..}t={®X,{1,2}} then T ={A c
X 3 Ainfinite}.Then X is not union of two disjoints-coc-
open sets. Thus X is s-coc-connected.But5 € X,U =
{1,2,5,6,7,...} s-coc-open set, 5 € U and there is no s-
coc-connected open set V such that 5 € X <€ U.Thus X is
not s-coc-locally connected.

Proposition (3.19)
The s-coc-continuous and open onto image of s-coc-
locally connected space is locally connected.
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Proof

Let f:(X,7) — (Y,7) be s-coc-continuous, open onto
function and (X, t) is s-coc-locally connected. To prove
(Y,7) is locally connected, let y € Yand U open set in
Y such that € U. Since f s-coc-continuous then f~1(U) is
s-coc-open sets in Y. Since X is s-coc-locally connected
then there is VV s-coc-connected open set such that x € V <
f~1(U). Since f open then f (V) open in Y, since V is s-
coc-connected then f (V) connected by proposition (3.9).
Thus (x) =y € f (V) € U.ThenY is locally connected.

Remark (3.7)
The s-coc-continuous image of s-coc-locally connected
need not to be s-coc-locally connected.

Example (3.9)

Let X =1{1,2,3,..},t discrete topology,Y =
{a,b}, 7" =1{0,Y,{a}}. Define
fi(X,1) — (Y, 7 )f(x) ={Z 3: z;i , since open
setsinY are Y, {a} and f1(Y) =X, f'({a}) = {1} s
coc-open in X.Thus f s-coc-continuous and X s-coc-
locallyconnected. But b € Y and {b} s-coc-open set in Y
such that b € {b} and there exists no s-coc-connected
open set V such that be V c {b}. Thus Y is not s-coc-
locally connected.

Proposition (3.20)
The s-coé-continuous, open onto image of s-coc-locally
connected space is s-coc-locally connected.

Proof

Let f:(X,7) — (Y,%) be s-coé-continuous, open onto
function and (X, 7) is s-coc-locally connected. To prove
(Y, ) is s-coc-locally connected. Let y € Y and U s-coc-
open set in Y such that y € U. Since f onto and y €Y
there is x € X such thatf(x) =y. Since f s-co¢-
continuous then f~1(U) s-coc-open sets in X. Since X is s-
coc-locally connected then there is V s-coc-connected
open set in X such that € V € f~1(U). Since f open then
f (V) openin Y and connected by proposition (3.10). Then
y=f(x) € f (V) € U.ThusY iss-coc-locally connected.

Definition (3.11) [12]
A space (X, 7) is said to be extremely disconnected if the
closure of every open subset of the X is open in X.

Definition (3.12)

A space (X, ) is said to be s-coc-extremely disconnected
if the closure of every open subset of the X is s-coc-open
inX.

Remark (3.8)
Every extremely disconnected space is s-coc-extremely.
But the convers is not true.

Example (3.10)

Let X ={1,2,3,4,..},t = {0, X,{1},{2},{1,2}}.Then =
is discrete topologyon X. Then every subset in X is s-coc-
open and s-coc-closed set. Thus if A open in X, then 4 is s-
coc-open set. Thus X is s-coc-extremely disconnected. But

A= {1} open setand A = {1,3,4,5, ...} not open. Then X
is not extremely disconnected.

Proposition (3.21)

For a topological space (X, t) if the closure of every s-coc-
open set is s-coc-open, then X is s-coc-extremely
disconnected.

Proof

Let U is open set of X. Then U is s-coc-open set. Since the
closure of s-coc-open set is s-coc-open set. Thus X is s-
coc-extremely disconnected.

Proposition (3.22)
If XandY s-coc-extremely disconnected then X XY s-
coc-extremely disconnected.

Proof

Let W =AXB open in XxY. Then A,B open in
X,Y.Since X,Y s-coc-extremely then A4,B s-coc-open in
X,Y then W =AxB=AX B s-coc-open set by
proposition (1.3).Then A x B s-coc-open setin X x Y.
Then X x Y s-coc-extremely disconnected.

Remark (3.9)
If X s-coc-extremely disconnected then X need not to be
s-coc-connected for example .

Example (3.11)

Let X =R and Uusual Topology on R.Since R =
(—0,0)U[0, o) and(—co, 0)U[0,0) = @ and
(—0,0),[0,00) s-coc-open sets .Thus (R,U) s-coc-
disconnected.But for every (a,b) open set in R.Thus
(a,b) = [a, b] is s-coc-open set in R. Therefore X is s-coc-
extremely.

Proposition (3.23)
If Xis s-coc-connected then X is not s-coc-extremely
disconnected.

Proof

Let X s-coc-connected and X is s-coc-extremely
disconnected. To get contradiction.Then for all A open
set we get A s-coc-open. Since A closed set then A s-coc-
closed.Then X is not s-coc-connected by proposition (3.2)
(if X is s-coc-connected then the only s-coc-clopen sets
are@, X). Therefore X is not s-coc-extremely disconnected

Not that
If X is s-coc-extremely disconnected then X need not to be
s-coc-locally connected for the following example.

Example (3.12)

Let X ={1,2,3,..}, 7 ={®,X,{1,2}}, since{1,2} open
set in X and {1,2} = X s-coc-open set. Then X is s-coc-
extremely disconnected.But 1 € {1, 2} open and there is no
V s-coc-connected open set such that 1 € V < {1, 2}. Then
X is not s-coc-locally connected.
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Definition (3.13)
Let X be a space, A € X is called s-coc-dense set in X if

andonlyif 4" =X

Definition (3.14) [8]
Aspace (X, 1) is said to be hyper connected if every non-
empty open subset of X is dense.

Definition (3.15)
Aspace (X, 1) is said to be s-coc-hyper connected if every
non-empty s-coc-open subset of X is s-coc-dense.

Proposition (3.24)
Every s-coc-hyper connected space is hyper connected.

Proof

Let X s-coc-hyper connected space. Then for all s-coc-
open set of X is s-coc-dense inX.Then A =x.To
prove A=X since ASX ... (1), let x€X then x €
A sinced " cAthenxeAdthen XS4 ... (2).
Therefore A = X then X is hyper connected space.

But the convers is not true.

Example (3.13)

LetX = {a,b,c} and t = {@, X} then
5k = {9, X,{a},{b},{c},{a b} {a,c},{b, c}}.Sinced = X
foral ACX ButA  =A=X .Then X is not s-coc-
hyper connected but hyper connected

Proposition (3.25)
Every s-coc-hyper connected space is s-coc-connected.

Proof

Let X s-coc-hyper connected space and X is not s-coc-
connected. Then there exists A s-coc-clopen set such that
A#@and A=X hence A=A .This contradiction

(sinceZS_wC = X ).Then X is s-coc-connected space.

Proposition (3.26)
Every s-coc-hyper connected is  s-coc-extremely
disconnected.

Proof
Let X s-coc-hyper connected space. Then for all A s-coc-
open is s-coc-dense thend . =X. ThenX CA.

Sinced € X thenA = X. Since X s-coc-open set. Then for
all A open set we get the closure is s-coc-open set. Then X
s-coc- extremely disconnected.

But the converse is not true for example

Example(3.14)
Let X = {1,2,3}and v = {®,X,{1}} then 1" =
(8, X, {13}, (23}, {1, 2}, {2, 3}, {1, 3}} . If A = {2} then

A = {2,3} # X. Then A not s-coc-dense we get X is

not s-coc-hyper connected.But B is s-coc-open for all B
open set in X.Then X s-coc- extremely disconnected

Not that
The s-coc-continuous image of the s-coc-hyper connected
need not to be s-coc-hyper connected.

Example (3.15)
LetX =7,t={0,Z,Z,} topology on Z and Y = {a,b},
v ={0,Y,{a}} topology on Y, f: (X,t) — (Y, ") function

. aif xeZ, .
defined by f(x) —{ b if x € Ze.Then f s-coc-continuous
and

v = {0, Z,Z.,Z,Uany set, Z, — finite set}

S—CoC —S§—C0C

Z, =7 ,Z.,Uany set =

—— s—coc
Z,Z. — finite set =7.

Then Z s-coc-hyper connected space.But @Hoc ={a} #
Y. Then Y is not s-coc-hyper connected space.

Connected coc-connected

7

s-coc-locally — S s_coc-connected € > s-coc-hyper

‘7
connected l: % /Coﬂneqed
\\ 5_coc.exn:em51_\‘/ l \"\
locally connected disconnected hyper connected

extremely disconnected
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