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Notations Used
In view of (2), we get the non-zero integral solutions of (1)

te n—Polygonal number of rank n with size m in two parameters.
Py — Pronic number of rank n X =X (a, b) = 2a?— 38b? — 36ab
g — Gnomonic number of rank a y=y(ab)=-40ab
E!m - Pyramidal mumber of rank n with size m .
Properties
. 1.X(A,A)+74t4,A:O
1. Introduction 2. X (A A+1)+ 72t p+gssa+39=0

3.y(A A+1)+40P,=0
The number theory is queen of Mathematics. In particular, 4 'y (A A)+40t, o=0
the Diophantine equations have a blend of attracted 5 7 (A B)-t), o—19t;, =0
interesting problems. For an extensive review of variety of 2 2 _
problems, one may refer to [3-12]. In this work, we are 6.2(A(A+1),B(B+1)- Py —19R; =0
observed another interesting five different methods of the 7.y (A(A+1), A+ 80 P: =0
non-zero integral solutions the ternary quadratic
homogeneous Diophantine equation 5x° + 5y° — 9xy =20z 5 1 Method: 2
Further, some elegant properties among the special numbers ' ’

and the solutions are observed. Write (3) as
_ 19v* = 207 — u* (6)

2. Method of Analysis Write 19 as

_ _ _ _ 19=(4/20 +1)(~/20 —1) (7
The ternary quadratic homogeneous Diophantine equation to Letv=20a2—b2 wherea b>0 (8)
gizs?r"s’;g I;xy 2072 O Using (7) in (6), we get

- = 2 _2=(_ /o0 / _ 2 _|h2y2

Introducing the linear transformation 202"~ _( 20 +1)(v 20 1)(29a . b%) .
XZU+V,y=U—V, U% V% 0 @) On employing the method of factorization & equating

in (1), it reduces to rational & irratioznal Earts, we get
W+ 19V2 = 2072 ?) z=z(a,b)= 20a2+ b2+ 2ab
u=u(a, b) =20a" + b* + 40ab
Substituting u & v in (2), we get the non-zero integral
solutions of (1) ir; two parameters
. z=12(a, b) =40a° + 40ab
21 MethOd 1 y (a, b) - 2b2 + 40ab

We discuss below five different methods of non-zero distinct
integer solutions of (3)

Let z=a+ 19b% wherea,b # 0 (4) _
Write 20 as Properties

20:(1‘”\/5)(14\/5) 5) X (A, A+ 1) —40 t,,o— 40P, =0

Yy (A(A+1), 1) — 40P, =2
Substituting (4) & (5) in (3) and employing the method z (B, B+1)-23ty, g — gz =0
of factorization, we get

X (A(A+1),1) — 40 PX —40P, =0
(u+iv19v) = (1 +i+/19 ) (a+i+19 by

Yy (A,l)'2t44, AT 42 tha = 0 (mOd 2)
X (A,A(A+1))-40t, o — 80 P2 =0

On equating real and imaginary parts, we get

u=u(a b)=a’—19b?- 38 ab

Z (A1)-2ty, o+ 0sa = 0.
v =V (a, b) = a’- 19b® + 2ab

N o gk~ wbhkE
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2.3 Method: 3

Write (3) as

1*u% = 202° - 19v* ©)

Assume u = u (a,b) = 20a — 19b*

= (v/20a + +/19b) (+/20a — +/19b) (10)

Write 1 as

1=(y20 + /19) (~/20 — V19) (11)
Using (10) & (11) in (9), we get

202* - 19v* =

(1/20) ++/19)

(V20 —~/19)(~/20a + +/19b | (~/20a — /19b)?

On employing the method of factorization and equating the
rational & irrational parts, we get

z=1z(a b) = 20a* + 19b® + 38ab

v =V (a b) =- 20a + 19b* + 40ab

Substituting u & v in (2), we get

X = X (a, b) = 40a® + 40ab

y =Yy (a b) = - 38b%— 40ab

Properties
1. X(A,A+l)—40t4,A'4OPA:O
2. Y(A1)+g0a+39=0
3. zZ(A,A)—T7t, A=0
4. z(1,B)—t4, g— 0o =1 (Mod 2)
5. X(A, A(A+1))- 40t;, o—80 P =0
6. YA A)+ 21, A—0sa=1
7. z(A(A+1),1)-20p2 _30PA=19
2.4 Method: 4
Write (3) as

u? +19v? = 1922 + 7
u? - 72 = 1922 - 19v°
uU+2)(U-2)=19(z+Vv)(z-V) (12)
Write (12) as

u+z 19(z+v) A

,B =0,
zZ—V u—=z B

which is equivalent to the system of equations in three
unknowns

Bu+Z(B-A)+AV=0

-Au+Z (A+19B) +19BV =0

By cross- multiplication, we get

u=u(A B)=-A?+19B*- 38 AB

v=Vv (A B)=-A%+19B° + 2AB

z=z (A, B)=-A?—19B?

Substituting the values of u & v in (2), we get
X=X (A, B) = - 2A% + 38B” — 36AB

y=y (A, B)=-40AB

z=z (A, B)=-A?-19B°

Properties

1. X(A, 1)+ 2ty, o—918a =0 (mod 3)

2. Z(AVA) + 2t a—Qoa=1

3. YA, A+1) + 40P, =0.

4. X(A(A+1),1)+2 P2 +36P, —0 (mod 2)
5 Z(A, B) +t4 At 19t4, B = 0

6

y(A, A(A+1)) + 80 PY =0

7. XA AA+L) + 24, A-38 P2 +72 PSP =0

2.5 Method: 5

Write 20 as

20= (B1+i/19)(31—i./19) (13)
49

Assume z = a* + 19b? (14)

Substituting equation (13) & (14) in (3) and employing the
method of factorization, we get

(u+iviow) = %(9+ i./19) (9 + i+/19b)?
Equating real and imaginary parts, we get
u=u(ab)= %(31a2 _5891b2 — 38ab)
v=v(a b)= 1 (a’— 19b? + 62ab)

7

In view of (2), we get

x=x(a, b)= 1 [32a*-608b? + 24ab] (15)
7

y =y (a b) = 1 (30a’ - 570b — 100ab) (16)
7

Choose a, b suitably so that x, y, and z are in integers.
Puttinga=7A, b =7B in (15) & (16), we get the non-zero
integral solutions of (1) in two parameters

X=X (A, B) =224A? — 4256B% +168AB

y =y (A, B) = 210A? — 3990B? — 700AB

z=z7 (A, B) = 49A% + 931B?

Properties

1.z (A, B) -49 t4, A" 931 t4'B =0

2. 2 (A(A+1), B)) -49 P2-931 t,5 = 0
3. y (1, A(A+1)) - 3990 p2? +700 p, = 0(mod7)
4. X (A A) + 3864 t;, o= 0

5. X (A(A+1), B(B+1)) -49P,%- 931 Pg?=0
6

7

8

. Y(1,B) + 3990 ty g + 93s0e =O0(mod3).
.z (1,A(A+1)) — 931P,> = 0(mod7)
. X (B(B+1), 1) -224 Pg? — 168Pg = 0 (mod 2)

3. Conclusion

In this work, we have observed five different patterns of the
non-zero integral solutions of the ternary quadratic
homogeneous Diophantine equation 5x* + 5y* — 9xy = 20z°
and relations between solutions and special numbers are also
obtained. One may research for any other patterns of this
equation and their corresponding properties.
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