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Abstract: Quadruple series equations are useful in finding the solution of four part boundary value problems of electrostatics,
elasticity and other fields of mathematical physics. In the present paper, we have considered the quadruple series equations involving

heat polynomials and solved them.
1. Introduction

Quadruple series equations are useful in finding the solution
of four part boundary value problems of electrostatics,
elasticity and other fields of mathematical physics. Cooke [1]
devised the method for finding the solution of quadruple
series equations involving Fourier-Bessel series and
obtained their solution by using operator theory. Recently
Dwivedi and Trivedi [2] Dwivedi and Gupta [3] Dwivedi
and Singh [4] considered various types of quadruple series
equations involving different polynomials. In the present
paper, we have considered the quadruple series equations
involving heat polynomials.

2. Quadruple Simultaneous Fourier Series
Equations Involving Heat Polynomials

Quadruple series equations involving heat polynomials
considered here, are the generalization of dual series
equations considered by Pathak [3] and corresponding
triple series equations considered. Solution is obtained
by reducing the problem to simultaneous Fredholm
integral equations of the second kind.

3. The Equations

Here we shall consider the two sets of quadruple series
equations involving heat polynomials of the first kind and
second kind respectively.

(i) Quadruple Series Equations of the First Kind

Quadruple series equations of the first kind to be studied
here are given as:
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(i) Quadruple Series Equations of the Second Kind

(X,~t)=f,(x, t),c<x <o 1)

Quadruple series equations of the second kind to be
analysed, here are given as:
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In above equations fi (X, t) and
gi(x, t) (1=1, 2, 3, 4) are the prescribed functions
t>¢>0 and Pn’V(X,—'[) is the heat polynomials.

A, and B, are the unknown coefficients to be determined.

n

4. The Solution

(i) Equations of the First Kind
In order to solve the quadruple series equations of the first
kind, we set
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where §; (X, 1) and ¢, (X, t) are unknown functions.
Using relation (1.1) in equations (1.2), (1.3), (2.1) and (2.2),
we obtain
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Substituting this expression forAn in equations (1.2) and
(1.4), we get
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Putting the value of dQ(?;) from equation (1.2) and

changing the order of integration and summation in above
equations, we get
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Using the summation result (1.4) in equations (2.6) and
(2.7), we have
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Now using the notation given by (1.6) in
equation(2.10), we get
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Putting the value of summation in terms of integral

from (1.5) in equation (2.15), we obtain
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Changing the order of integration in equation (2.16),

we get
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Now in view of the equation (4.18) equation (4.17)
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The solution of the above equation is given as
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Changing the order of integration in equation (2.20),

we get
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R =Ry, -0 O )
(az _ 22 )V—U+m

(y2 _ 22)(y2 _ az )V*G+m

9 2)V—G+m

X

g My 0
e
| 0,
d 2
+j0 ) z(yz —22) (y2 _az)Wm L (gz _22)1 m
d py S A
+_L e dZSin(l—vio—m) J (gz_zzz)l m

a<x<b (229

Equations (4.18) and (4.19) are Able-type integral
equations, hence their solutions are given by
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With the help of equations (2.25) and (2.26), we obtain
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Substituting the results (2.27) and (2.28) is equation
(2.24), we have
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Changing the order of integration of the equation
(2.29), we get
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Now, above equation can be written as
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Putting the value of summation in terms of integral
from (2.5) in above equation, we get
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Using (2.41) in (2.40) and changing the order of
integration, we get
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Substituting the values from (2.27) and (2.28) in above
equation, we obtain
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Changing the order of integration of equation (2.46), we get
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Equation (2.39) can now be written as
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Equations (2.31) and (2.39) are Fredholm integral equations
of the second kind which determine ¢1(X) and ¢2 (X)

(2.51)

Values of ¢;(&, t) and ¢,(E, t) can be determined
with the help of equations (2.25) and (2.26) respectively.
Finally, the coefficients An can be computed from
equation(2.3), which satisfy the quadruple series equations
involving heat polynomials, of the first kind.
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Where \|11(X t) and (X, t) are unknown functions.

Using equation (1.1) in equations (2.52), (2.53), (1.1) in
equations (2.52), (2.53), (1.6) and (1.8), we obtain
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Using the results (1.2) in above equations and changing the
order of integration and summation, we get
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X 2T (M) (v -0 +m)

SN (Epe Y)}dé

glfzcefgz/ma*
2P (m)C (v — o +m)

0<x<a (2.65)

[ee e DS (e x v

e, (e t ){
=G, (x, 1),

-
r(mri(v—-oc+m)
[ e (6, 08,6 x e+ e (6 98, 6 y)da}

So(& X, y)}d&

=x>1G,(x, 1), 0<x<a (266)

WW pu(t;gn 2@1@(@% of summation in terms of
mteglpal from (1.5) In equation (2.66), we obtain

[ee e 0 nm (e -y (E-y2) " degy
e e 0 (g -y )" (2 -y) T dedy

v-c+m-1

+J-:€e_éz/4t\|;2(g, t)J‘:T](y)(@z _y? )m‘l(xz B yZ) dedy
_T(M)I(v-oc+m) (2.67)

a*xl—Zv

G;(x, t), 0<x<a

Inverting the order of integration of equation (2.67),
we get
o) e e o
_[0 2 2 1-v+o—m J‘Y 2 2 1-m a
(x*=¥?) (X -¥’)
cge My, (g, t

" ()T

0<x<a (2.68)

X )
+J.O (XZ u ))/1 v+c—m
_Ir'(mI'(v-oc+m)
- a*X1—2v

G,(x, 1),
Assuming,

- 2.69
v (Y) Zj ( )

age /My (e D
1-m
(>* =v?)
Now equation (2.68) can be written as

cra-E2/at
y{wl(y) [ L &}

(=)

t), 0<x<a (2.70)

.[X n(y)
0

(X2 _ yz )l—v+c m

I'(mI(v-c+m
ooy
a X
With the help of equations (1.8), we can solve the

above equation as

c ea-82/at
n(y){wl(y)ﬂ. = w6 Dy é}

1-m
(5" -v?)
_Sin(l—v+cs—m)n_i.[y 2xdx
T dy 0 (y2 _XZ)v—ch

_I'(mI'(v-oc+m)
a2

Gy(x, 1), 0<x<a (271)

Now equation (2.71) takes the form

-t/
N0 = Galy, ) -] Y2l Ve o<k

-y

Where
Gy(y, 1) = Sinl-v+oc—-—m)n F(m)l“(v: G+m)

T a
xij'y 2x2VGy (%, 1) (2.73)
dy 0] (yz _X2)V76+m
Solving the integral equation (2.69) as

et/ __Sin@-m)m d 2 2yy;(y)
ce (&, )= o de _..é (y? — é2)md

With the help of equation (2.74), we obtain

_ (2.72)

(2.74)
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iy (79)

(¢ =y*) )"

ge @79)

e N 1) g

(2-y) "

Again, let
wo(y) = I

Sin(l—m)n Ja
()"

cge /My, (8, 1)
1-m
(5°-¥%)
Solving (2.76) similarly as (2.74) and (2.75)
respectively, we get

§9_§2/4IW2(§, ) :_Sin(l—m)n dd jc 2y\|’2(Y)
SRy -g)

Jcae*@2/4‘w2(a, 0 gz Sl < 2xy, ()
1-m -m
)T Aty ) ()
Now using the equation (2.79) in (2.72), we get
- Sin(1—
T R A
(v*-¥*)

(2.79)

(2.77)
(2.78)

dg =

x[° 2xy 5 (x)dx
m
" (7 —07)" (x7 — ¥7)
Equcation (2.80) reduces to the following form
YW = Galy, - [ R Vv ()dx, 0<x<a (2:80)
where

R(x,y)=

Sin(l-m)xr ~ n(y) 2X

n (bz_yz)’m (Xz_bz)m(xz_yz)
Again starting from equation (2.62) and using the
notation (1.6), we have

(2.81)

”e £ 20+1e—§2/4ta*
, X, d
J.g Wl(a ){ 2V_1F(m)F( ) w(é X y) é
. g2o+gt /4ta*
+ e ){ Sy —orm & y)}da
=G, (X, 1), dbx <c (282
o

&2 /at
r(mr(v-oc+ m)-[ ge v1(& 1S (€, X, y)dg

; jb ge My, (&, 1S, (& X, Y)de
[ty 6 08,6 x )k

=x*71G,(x, 1), bx <c (2.83)

Putting the value of summation in terms of integral
from (1.5) in above equation, we get

[Tee = Myate, e[ (2 -v2 )" (2 -y?)
Hflee My vt (2 -y (v T oy

+J.XC E"e_g/MW(i' t)déjloxn(Y)(ﬁz - yz)m_l( ¥ y2)V-ﬁ+m—1

v—c+m-1

_ I'(mI(v—oc+m) G

~ X, t , (284)
a Xl 2v 2( )

Inverting the order of integration we get

[ g (et BARTACHIOp

0 (X2 _y2)17V+67m y (Xz _y2)1 m
N () ay[ 5 AR R o

o(xz_ 2)1‘V+G‘m b (Xz_yz)l‘

< cpe &4t
+J'b n(y) yJ' Ee~ \Vz(é t) de

(] T (e

- F(m)l“fvl—zc +m) G,(x, 1), dx<c (285
ax

Using (2.69) and (2.76) the above equation becomes

[ v OMy__ TMI—otm)g

b (Xz _yz)l—w—c—m a™x
D) gy D
(x*-?) "(-y?)
| : E}z_i /4tW22)(1§}nt) dg b<x<c 8
g -y

The equation (2.87) can be solved as

—— Sin(l-v+o-m)n d ¢y 2xdx
AR b oy

r(m)r 2 d
{ (m)a*(::l o= M6, (x, - I @i (2)dz

( )1 v+o—-m

_Ib n(z)dz rée £y, (&, D4 é}

0 1-v+o—-m Jp 1-m
(XZ_Z2) (&2—22)

b<Xx<c (2.87)

Sinl-v+o-m)n d vy 2xdx

OIAGAE b o

a (Z)ﬁ b (Z)dZ cae & /4 (E_, t)
X[J‘O (XZT]_ ZZ\I)jllercm dz + J.O (X2 _n22)1v+cm I ¥

b (EJZ —22)1 m

b<X<cC (2.88)

Where
Gy, 1) = Sinl-v+oc-m)n F(m)F(V*_(H_ m)

T a

d y 2x2VG, (X, t) » (2.89)

Ty T

=6,y m)nfyf 7 ZXd)XV

Thye )

a d
{L ()(222;1v+o-|'n[63(21 t)—n(Z)j‘b &(éz _22)1 ode
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(2.90)
dg |, b<x<c

B (0L cget /‘"wZ(«: t)
0 (X2 -~ 22 )1—v+<5—m b (éz _ 22)
Breaking the last term of the above equation into two parts,
we get Sinl-v+oc-m)r d Iy 2xdx
Py dy b ( 2 _Xz)v—c+m

(), (Y)=Gy(y. t) -

Gz tdz b i)z ce é/4tw2(§ 0,
Io (Xz_zz)“'*"*m +.L (Xz_zz)l*"“fm J.b (gz_zz)lm dc,
b<x<c (291)

Changing the order of integration,
becomes

the equation (2.92)

Sinl—v+oc—-—m)x | ra
. ;¢

NY)w2(y) =Ga(y, ) - 3(z, )dz

d pv
X_
dy o (y* —x

2xdx

2)V—G+m (

_z )1—V+($ m +I n(Z)dZ

Xijy 2xdx
dy b (yZ_XZ)V G+m(

2 Jat t
e J‘ie Y28 1) ae

(€-2)"
b<X<cC (292

We know that
2xdx

a5

dy b (yZ X2)v—c+m (X2
(b2 _ ZZ)V—G+m

= (y2 - b2)v—c+m (y2 _ 22)

Using the result (2.79) and (2.94) to the equation

(2.93), we get

—7 2 )1—v+c—m

(2.93)

Sinl—-v+oc—-m)x | ra
( - ) joc;3(z, t)dz

NY)wo(y) =Gu(y, t) -
2 2\v-o+M 2 ,2\v-o+m

o z) ~+ [ n(ort w-z)

(y"-b)"(y"-2) (y?-b?) " (yA-2)

SinL-mym e 2xy,(x) (2.94)

n(bz —zz)‘”‘ xJ'b (x2 —bz)m(Xz—ZZ)d }xb<x<c

— Sinl—v+o-m)u (aG,(z, t)(b?

=G,(y, t)-

LOTAORIAY O =

_Sin@-v+o-m)nSin(L-m)r 2_z2yv- “*Zmdz
nz(y27b2)vw+m -2%)(y*-2%)

¢ 2Xy,(X)
XIb 2 2 ym
(x* —b%)
Now changing the order of integration of the last term

of the equation (2.96), we get
— Sin(l-v+o-m)r 2G4z, t)(b* -z
)= Gyly, iR 042 VY 2
n(yz—bz) (y -z )

_ ZZ)V—(Hm

dz

.[ T1(2)(b

X b<x<c (295

2)v—0+m

dz

_Sinl-v+o-m)aSin@-m)r .[C 2xy, (X)

nz(yz ~ b2 )v—0+m b (X2 _ bZ)m
(2.96) Now equation (2.97) can be rewritten as
MVR0) + [ S0 Yz 0x =Gy, 1 - M=V EO )
n(y2 —b2)

d,zb<x<c (2.97)

2)v—c+m

J‘a Gs(z, t)(b? -z
0 (y2 _ 22)
Where S(x, y) is the symmetric kernel

nz(yz _ b2)V—G+m ) (X2 _ b2)m
2 2\v—c+2m
_f n(Z)(b Zg _dz, (298)
2 —2°)(y* - 2%)

Equatlons (2.98) and (2.81) are Fredholm integral
equations of the second kind determine y,(Y) and

yi(y). Wi(E t) and W,(E t) can be then
computed from equations (2.74) and (2.78)

respectively. Finally, the coefficients Bn can be

calculated with the help of equation (2.54) which
satisfy the equations from (1.5) to (1.8).

Particular Case

If we let C—> o0 in equation (1.1) to (1.8), they reduce to
the corresponding triple series equation involving heat
polynomials and this solution can be shown to agree with
that obtained earlier for triple series equations. Similarly, we
can obtain the corresponding dual series equations involving
heat polynomials.
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